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Numerical quadrature rules for singular integrals are presented and error bounds are
derived. The rules are simple modifications of composite Newton—Cotes formulas. For
singularities of type x*, x> —1, the lowest order rule (modified midpoint rule) has error terms
of order 42 4%** and A2log(1/4), where 4 is the subinterval length. The rule proposed by
Davis for integration of the Schwarz—Christoffel equation for conformal mapping of polygons
is shown to have error terms of the same order. For polygons with sharp corners, ie., a close
to —1, the number of integration subintervals required for the Schwarz—Christoffel equation
can be reduced by several orders of magnitude by use of higher order rules given here. Explicit
formulas are given for four rules of most likely utility; they are extensions of the midpoint,
trapezoidal, Simpson’s, and 4-point rules. T 1988 Academic Press, Inc

I. INTRODUCTION

We shall develop modifications of composite Newton—Cotes quadrature rules
applicable to

J'b s(x) f(x) dx, (1.1)

where f(x) is “smooth” and s(x) is integrable, but where s{x) or some of its
low-order derivatives may be singular.
The rules can be utilized for an arbitrary integrand F(x) by setting

b ~b
[" Aoy dx = [ s(0)LA(x)/s(x)] dhx,

Ya

where s(x) includes the singular character of F(x) and F(x)/s{x) is nonsingular. To
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16 FLORYAN AND ZEMACH

apply an (n+ 1)-point rule, as defined below, the indefinite integral of x™s(x),
0 <m < n must be available, preferably in analytic form. Typical singular functions
to which the method applies are x* logx, and, more generally, x*(log x)?,
p =integer. The method may also be useful when s(x) is nonsingular, but has
derivatives much larger than f(x). It may be considered an extension of Filon’s
method [1, 2] for integrals proportional to sin kx, k> 1.

This study is motivated by interest in numerical conformal mappings of polygons
and regions with corners, where integration of the Schwarz—Christoffel equation or
its variants is sought. If the boundary of the region to be mapped has a corner with
interior angle ¢, the method calls for integration of a function with singularity of
type x* o= — 1 + ¢/n. The singularity is most severe for a “sharp” corner, i.e., for ¢
close to zero and « close to —1.

To integrate over corners, Davis [ 3] introduced quadrature rule for integrais of
type I1(x— d,)*. The integration interval was divided into subintervals of common
length 4, and on each subinterval, each factor (x—d,)* was replaced by its
average.

Young [4] has given singular quadrature prescriptions in terms of matrices for
“endpoint” and “midpoint” formulas. Our point of departure is similar and the data
in our Section III.LA can be made to correspond with his midpoint matrices. Our
rules are obtained more simply, however, with a rather small amount of elementary
algebra, and we go further; in particular, we analyze and compare convergence
rates for composite rules. Atkinson [5] found similar rules but weaker error
bounds. His Simpson’s rule analog had errors of order 4° for s(x) = x* while we get
A*** and 4%

The rules in II1.A are directly transcribable to a computer program. This is also
true of the Gauss—Jacobi approach if a routine for generating the Gauss nodes and
weights is available (the Los Alamos routine QUAD was used for the data
comparison if IV.B). Sloan and Smith [ 6] have developed an alternative approach,
also of potentially high accuracy, but also requiring supporting subroutines. Still
further alternatives are noted in [2] and in Davis and Rabinowitz [7].

In the next section we develop the singular quadrature rules and error bounds.
The errors of these rules are compared to Newton—Cotes errors. Section III
enumerates the lower order rules—comparable to the midpoint, trapezoidal,
Simpson’s, and 4-point rules—which we believe are most likely to have practical
utility. The modified midpoint rule is the most straightforward to apply and leads
directly to Davis’s method. In contrast to Davis’s experience, however, we show
that for x*-type singularities with o negative, error terms of order 42** and
4%log(4~"') may be present. In Schwarz—Christoffel problems with sharp corners
and alphas close to —1, the linear dependence of error on 4 may make this
approach ineffective. In this case, one may pass to the modified trapezoidal rule,
with only a slight complication of arithmetic; this would eliminate errors of order
A4%** More generally, it may be expedient to go on to the modified Simpson’s rule
whose error is of order 4*** or modified 4-point rule, whose leading error is of
order 4*log 4 or (1 +a)~ ' 4% for a <O.
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Trefethen [8] noted that Gauss—Jacobi quadrature can provide high-precision
integration for Schwarz—Christoffel problems. However, application of a simpie
third- or fourth-order method remains attractive because of its programining
simplicity, if it can provide sufficient precision for the needs of the problem at low
computer cost.

The last section displays some numerical experiments with these rules.

II. FORMULATION

A. Modified Newton Cotes Quadrature Rules

By suitable subdivision of [g, b] and rescaling, the integral (1.1} can be represen-
ted as a sum over terms of the form

I= ‘ s(x) fix)dx, 2.0y

in which the only singularity of s(x) is at x =0. Discussion in this section will refer
to this standard form.

Divide {0, 1] into N subintervals of length 4. N4A=1. Let x,=i4 denote the
initial point of the ith interval. I separates into

I=Y I, IL={ slx)f(x)dx. 02,

NG
rd

rf¥+1
X

Then 7,= 7%+ E,, where I'9 is the approximation to be described and E, is its
error. We write
N-—-1 N-1
=3y 1 E=Y E, I=I"+E (2.2)
i=0 i=0
where I’ denotes the approximation to 7 and E is the total error.

We follow the Newton-Cotes methodology used by, e.g., Isaacson and Keller [9]
for the initial analysis. For a closed (n+ 1)-point rule for 7, [x;, x;,,] is divided
into n equal subintervals separated by nodal points {y,}, v,=x,+k 4/n, 0k <n.
For an open (n+ 1)-point ryle, the division is into »+2 subintervals with
Ve=x;+{k+1)A4/(n+2). (For better or worse, we retain the convention that an
even rule (“#=even”) has an even number of subintervals, and an odd number of
nodes).

Assume f(x)e C**?[0,1] if n is even and f(x)e C" {0, 17 if nis odd. Let M,
be an upper bound for | (x)| on [0, 1], when it exists.

We now formulate the rule on interval {x;, x;,,]. Let P, (x) be the nth degree
polynomial which agrees with f(x) on the nodes y, of [ x;, x,,,]. Then

Jx)=Pu(x)+w,(x) fL s r ¥ X1



18 FLORYAN AND ZEMACH

where f[ 3o, - Vu» X ] 18 the (n + 1)th-order divided difference and

n

wa0) =11 (= 3).

k=0
The explicit formula for P,(x) is

Px)= 3 Sy —) (2.4)

k=0 (x—yi) wilye)

where iw,(y,) = [dw,(x)/dx],_ .. We note a general property of divided differences:

(d/dX)™ f1 Yoy or Yr» X]=m! fOFPEEN (n+m+ 1)),

where ¢, is in the interval spanned by the y’s and x, ie., £;is in (x;, x;, ), provided
f(x) has the requisite differentiability.
The singular quadrature rule for 7; is

1 =J s(x) P,(x) dx. (2.5)

X1

In Section II1, these data are written out for the more practical cases.
The error on the ith interval is

E= f ) [T ¥0s v Vs X] W,(x) dx.

B. Bounds on the Errors E;

(1) To estimate error bounds, we treat the zeroth interval [0, 47, where
s(x) has its singularity, as a separate case. We have

M,
1ol S 1506) ST 3s o 3 T w,0)] i < rR
where
e, = f Is(x) w,(x)| dx. (2.6)

In turn, |w,(x){ £47* ' for 0<x £ 4, so that

e, < A" F 1s(x)| dx. (2.7)
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(2) To estimate E, for i 2 1, first suppose # is even. Define

Q(x)=+ J.x w(x") dx'.

X;

where the plus is for a closed rule and the minus for an open ruie. We have [9,
Chap. 7] Q(x,;)=Q2(x;, ,)=0 and Q(x)=0 for x = x,, for both types of rules. This
permits, after an integration by parts, application of the integral mean value
theorem:

E= |7 5(0) fT¥00 s 2o X1 dOx)

X1

I
H
&)
i
V}

X) fTyos o e X1} Q(x) dx

FYL

d N
?E {3(x) fT V05 s Vs x]}x:i'J Q(x) dx,

X

X; < Cz< Xit1-
Then
EIS 42, | W S o) et |
where
W,1=A""3jx'+l Qx)dx=F A" [‘ xw, (x) dx.

Note that W, is positive, and independent of i and of 4. Also, put

N—1 N—1

So(d)= 3 Is(¢),  Sid)= Y Is'(&)

i=1 i=1
Then
N-—1

IEl< ) |E)

i=0

M, M,
<G+_+11 {e,+ 4" W,S,(4)) +( ++22) A" W, So(4).  (2.8a)

(3) Next, consider n=odd. We examine onily closed rules here, so that
V.=X;, . Analogous bounds, could be obtained for odd » and open rules with
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somewhat more effort, but the additional formulas so obtained do not seem to us of
any additional utility. Set

D(x)= J‘X (x' = y,) " hw,(x') dx’.

Xy

Then @(x)=0 for x=x; and the product (x— y,) @(x) vanishes at x=x, and
x=x;,,. Therefore, proceeding in analogy to the case of even #,

Ei:fx'*l S(x) FLVor owes > XJ(x = ¥,) dP(x)
1 d
=j 7 B STyo, o 3 X1(yu =)} @(x) 4

d
= ) STros s 3 XA =2},

Xi+ 1
X D(x)dx, x;S&Sx50,

where the integral mean value theorem was used. We see that

If[yO’ s Vs x](yn—"x)éAMn+l/(n+ 1)'

and
(d/dx){ fTy0s r Vo> XU pu—X) }|

= ’(d/dx){f[yo, eery ynf 1 yn] _f[yOa cery yn~1> x] }I

=M, /in+ 1)
Hence,

M
Ed S o 4™ Waldls (€l +Is(l,

where

Wn=A——n—2Jx"»“ D(x)d(x—y,)= _A~n72jxHLl w,(x) dx.

X

Again, W, is positive and independent of i/ and of 4. For odd », the bound on E
appears as

M, ,
Bl S0y (et 477 WaSu () +47 72 W, So(4))}. (2.8b)



QUADRATURE RULES FOR SINGULAR INTEGRALS 2

C. Error Comparisons for the Singular Quadrature Rules and Comparison With
Newton—-Cotes

For Newton-Cotes, it is generally true that as the number N of subintervals
increases and their length 4= N ! -0, the error goes like A”** for even n and like
A+ for odd n. On this basis, it is sometimes stated that the even rules are “more
efficient.” The error variation with A for the proposed singular quadrature rules
resembles the Newton—Cotes behavior, but with some deviations depending on the
singular function.

The bounds on S,(4) and S,(4) needed for bounds on the errors of the singular
rules may be sought in terms of integrals over [s'{x}| and {s(x)|. We explore this
through a series of examples.

(1) Let s(x) and s'(x) be bounded by s5,, and s), on [0, 1]. Then ¢,,
Eq. (2.7}, goes like 47" * and Sy(4), S,(4) are bounded by 5,, 4 ' and 5}, 4" as
A4 — Q. The error bounds, Egs. (2.8a) and (2.8b) show that £ decreases like 4” " for
n even and A"*! for n odd. Thus, the Newton-Cotes rate of convergence is
reproduced {with somewhat different numerical coefficients), even if higher
derivatives of s(x) do not exist.

(2) Let s{x}=log(x). Then |s(x)| and |s'(x)| are monotonic decreasing. We
have

sEsa [ Isa, 1SS,

X

and hence
1
So(A)S 4 [ (o) dr (29)
]
Now, |s'(t}} is not integrable at 1 =0, but we can put

SUEF@I+ L WENSE@I+4 [ @l 210

i=

For the present case,
So() =47, SyA)sA4'+47 og(4™h),

and also, e, < 47 ?[log(4 ")+ 1].

The leading terms in E go like 4"+ log(4 ') for n even and 4"*! for n odd.
This resembles the Newton-Cotes rate of convergence, but is siowed by the factor
log{4 ") for even rules.

{3) Let s{x)=x* a>0. Then s(x) is monotonic increasing and

N-—-2 .
SWA)S T I+ sS4 [ Is(o)] de-+ st 2.11)

i=1
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And regardless of whether s'(x) is increasing or decreasing,
1
SHA) A7 [ 150l dr+15(1)]
0

Therefore,

Sold)SA4'+1,  S(A)<4 '+«

Also, e, — 0 faster than 4"* 2 Again, the Newton-Cotes rate of convergence in 4 is
reproduced.

(4) Let s(x)=x% —1<a<0. Then both |s(x)| and |s'(x)| are monotonic
decreasing. Instead of (2.9), we use a bound for S, which is not singular as o« —» —1:

So(4) < |s(A)] +4 jl Is(t)] dit A%+ A~ 1L (), (2.12)

where

L4 =(1+a)~" (1—41"%). (2.13)

Proceeding from (2.10), we have

Si)=(l—o)d " —471g247 1

To appreciate how L, (4) varies with 4 when « is “close” to — 1, define a critical
subinterval width 4, by

log(1/4)=(1+«) 74, A.=exp[ - (1 +a) 1]

Then L,(4) is approximated by (1+a«)~' for the range 0<4<4,, and by
log(4~"') for 4,4 <1. Referring to the conformal mapping of a polygon to
a line, as an example, suppose the polygon has an interior angle of ¢=n/6.
The Schwarz—Christoffel integral will have a singularity of type x%
a=—1+¢/m= —5/6, corresponding to 4,=2.5x 107> Then L (4) will vary with
4 like log(4 ') so long as the number of integration subintervals is of the order of
1000 per unit interval, or less.

For this type of singularity, and # even, the dominant terms in the singular
quadrature error derive from e, and S, and go like 4”*2** This is inferior to the
Newton—Cotes rate of 4"* 2, especially if a is close to — 1. For n odd, the dominant
term in the error, deriving from S, goes like 4" * 'L _(4), which is more comparable
to the Newton—Cotes rate of 4”*!. The even n cases are not, in general, “more
efficient” than the odd cases. For the mid-point rule (#=0), the dominant error
term goes like 4°**, while for the trapezoidal rule (n=1), it goes like A>L_(4).
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When, however, f(x) is even about the singular point, the 4”* 2" * error terms for
gven n are absent. To see this, set (with n even)

flx)= Z XEFRNOYK + x4 D(0)/(n + 1)! + R(x). (2.14)

k=0

The n+ 1 terms of the sum are treated exactly by an (n+ ! }-point rule. There will
be A"*27* error terms proportional to f”*!(0), but for » even and f(x) even
about x=0, /""" Y(0)=0. Also, there are no 4" > * error terms from R(x) as we
now verify.

The 47 *?** terms came from E, and from the portion

‘}'i[f] = An+3u/)1|s,(&:i) f[y()i (i) )"m éi]!’ Xi é él§ xi+ 1s
of £, for 1 £i< N— 1. When R(x) is substituted for f(x) in E; and y,[ /1, we get

EoLRIIS [ 15G6) REyor s 3o x|

< g j: Is(x) R O(E ()] df(n+ 1), 0<E(x)<d

and
LR =4""*W,|s'(&) R" T D(ELEN/(n+ 1),

X, 2EE)E X400, ISisN-1L

Nowfuerl)(x):f(nJr1)(0)+R(n+l)(x) and also, f(n+1)(X)=f<n+“(0)+xf(n+z>§ct},
0<¢&<x, so that |[R"TY(x)| £xM,, ,. Then

|EJ[RYI 4" T34 *M, (1 + o) Y(n+ 1),
and
[P LRI S AW, M, o|s' (&) ELEN/(n + 1)
S AWM, 2as(E)jn+ 1)L, 1<iSN—1.

Both these estimates lead to 4”**** terms in the bound on the error in the (n + 1)-
point rule for [} s(x) R(x) dx, but not to 4”*2** terms.

III. EXaMPLES OF SINGULAR QUADRATURE RULES

Here, we list the explicit formulas for the more useful lower order rules. We aiso
draw the connection to Davis’s rule. We revert to the more general form

b
1=j s(x) f(x) dx. (3.4)
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The singularity of s(x) is at an arbitrary point x,. The interval [a, b] is divided
into N subintervals [x;, x,;,,] of width A=N"'(b—a); and x,=a+id, 0<i<N.
Then

1=1§_0 fjl+ls(,x)f(x)dx= A (32)

i=0

To obtain an (n + 1)th-order modified Newton—Cotes approximation I® to [,,
the general plan is this:

In interval [x;, x,, ], we have available the Newton—Cotes nodes y,, 0<k <n,
and the associated functional values f, = f(),). Let m;=4(x;+x,.,) denote the
mid-point of the interval. The interpolating polynomial P,(x) for this interval,
defined by Eq. (2.4) is first reduced to

P (x)=co+c (x—m)+c(x—m) + - +c,(x—m)" (3.3)
This, in turn, is reexpressed as
P (x)=Co+ Ci(x —x,)+ Colx—x)*+ -+ + C(x—x,)" (3.4)

By setting x —m;=z and x — x,=z + (m;— x,) and comparing powers of z, we get
the C’s expressed recursively in terms of the ¢'s. The C’s depend linearly on the
functional values f, in the interval and also depend on powers of (m;— x,). Then
the quadrature rule for I; takes the form

[0 = f" P,(x)s(x)dx=Y C, f (x— x,)* s(x) dx. (3.5)
Xt k=0 *r
To apply the (7 + 1)th-order rule, the indefinite integrals of (x — x,)* s(x) must be

available, preferably in analytic form, and f(x) should be of class C"*?*[a, b] for
even n and of class C"*'[q, b] for odd a.

A. Enumeration of Rules

(1) Modified midpoint rule (open l-point rule, n=0, y,=m,),
Xr+1
10 = f(m,) | " stx) dx.

(2) Modified trapezoidal rule (closed 2-point rule, n=1, yo=x;, y;=X;.1)
Apply (3.5) with

Ci=4"'(fi—/fo)
Co=3(fi + fo) — Ci(m;—x,).
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{3) Modified Simpson’s rule (closed 3-point rule, n=2, y,=x, vy, =m,
Y2=X;,1) Apply (3.5) with
Co=47Q2f—4f1 + 2f5)
Ci=4"{fs—fo)—2m—x,)C,
Co=f1—(m;—x,)? Cy— (m;— x,) C.
(4) Modified 4-point rule (closed 4-point rule, n=3, y,=x,+kA/3, 0k <3
Apply (3.5) with
Cy=(9/2) 477 (f; —3f2+3f1 fo
Cy=(9/4)4~ (f% ~fit+fo)— —x;) Cs,
Ci=(1/8)4" (*fs + 271, —27f; +f0 - 3("7i‘-’fs)z Cy—2m;—x,) (s,
Co=(1/16)( — f3+ 9>+ 9 — fo) — (m;— x Nk Cy— (r”i_xs}z Co—im—x,)C;.

B. Relation of Davis’s Rule to the Modified Midpoint Rule
Davis’s rule applies to integrals of the type

I(ab=r7

Ya

(x —dy)™ dx. (3.6)

1

I :—_"]>-

The integral is approximated as a sum of integrals over subintervals of common
length:

b):Z I(xs X4 1) Xip1—X;=4, {3.72)
and on each subinterval,
Hxpsy, x) = 4 [] [ Y =g dx]‘ (3.7b)
k=1 X

Now the average of any function f(x) of class C* on (x,, x,, ,) is approximated
by its midpoint value f(m;) to relative order 4°. More precisely,

47 [ S dx = flm) + (LR FUE) x<E<xi.. (3B)

It follows that on any interval (a, b) on which s(x} is singular and f(x), k=1, 2, ...,
are of class C?[a, b], the approximation

[ 50 T futw) dx =3 [f s ax 147 [ £l dx] (39)
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differs from the modified midpoint rule only by error terms of order 42, and so has
the same order of error from the exact integral as the midpoint rule. The
approximation (3.7) to (3.6) is a special case of this. The interval may be divided
into K segments, with each segment containing one singularity. The end points of
these segments may be chosen, for example, midway between the singularities. On
each segment, all but one of the (x —d, )™ is of class C? and the error terms iden-
tified in Section Il above, are relevant.

The Davis rule has the advantage, with respect to computer programming, that a
single general form represents the approximate integral over a subinterval, regard-
less of the subinterval’s location relative to singularities. If one of the other rules is
used, higher accuracy for a given subinterval size is gained, but the convenience of a
single general form for the approximating function is lost.

IV. NuMERIiCAL EXAMPLES

A. A Straightforward Integral

We check the error estimates of Section II by evaluating numerically the integral
1

1=f X%~ dx (4.1)
4]

in the range —1 <a < 1. The value of this integral to machine accuracy (e.g., 14
figures) might be found, for example, by integrating by parts five times and apply-
ing the standard Simpson’s rule with 2000 integration steps. Each of the modified
rules of Section IIL.A leads to an approximate value I'® and an absolute error
E=|I-1Y.

Results for the modified midpoint rule are shown in Fig. 1. We note that when
s(x) remains finite in [0, 1], the modified rule retains the Newton—Cotes rate of
convergence (x=0.5, E/I~A*°). Presence of a stronger singularity degrades the
rate of convergence to E/I~ A*"* as predicted in Section II, and increases the
absolute value of the error.

Results for different modified rules for the case of «= —0.9 are displayed in
Fig. 2. The predicted rate of convergence A”*2** for n even (midpoint and
Simpson’s) is clearly reproduced. The predicted rate of convergence for n odd
depends on whether 4> 4, or 4 < A4,. Since 4,=4.5x 1077, the expected rate of
convergence for the values of 4 shown in Fig.2 is 4" *!log(4~"'). This slight
deterioration from the Newton—Cotes rate convergence of 4”*! can be qualitatively
seen in the case of the modified trapezoidal rule (Fig. 2). However, it is barely seen
in the case of the modified four-point rule due to its rapid convergence.

We note, as a general conclusion, the fact that modified rules of odd order have a
convergence rate very close to the Newton—Cotes rules, while modified rules of even
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FiG. 1. Relative error of the modified midpoint rule for singularity s{x)~x* as a function of
singularity strength and integration step. See Section IV.A.

order may lose up to one order in the rate of convergence as compared to the
Newton-Cotes rules, depending on the strength of singularity.

B. A More Difficult Example
Consider the following integral of Schwarz-Christoffel type:

1
I= j (x+0.001) 7% x ~99(1.01 — x) ~°° dx. (4.2)

0

This integral presents a greater challenge to approximation methods because
several strong, closely spaced singularities are present. We first suggest that the
integration interval be decomposed into subintervals such that (a) no subinterval
contains more than one singularity and (b) the minimum distance from a subinter-
val to the nearest singularity external to it is not less than one-fifth to one-tenth the
subinterval width. In each subinterval, s(x) will represent the interior singularity, if
there is one, and the nearest external singularity otherwise. This guideline, based on
our numerical experimentation in a variety of cases, may not be optimal, but is
certainly quite serviceable.

Following this plan, we divide (0,1) into four subintervals: (0, 0.005),
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10"

1072

1073

T

(E/T)

107

T T T
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T T

RELATIVE ERROR
6‘!
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T T TTT]

10”7

T

1078

T T T

107°
10-2 107 10°
STEP SIZE A

Fic. 2. Relative error of various modified Newton-Cotes singular quadrature rules for singularity
s(x)~x~%. See Section IV.A.

(0.005, 0.05), (0.05,0.9), and (0.9, 1). The integral over each subinterval was then
calculated by the composite Davis rule, the composite 4-point rule, and the Gauss—
Jacobi rule, and the results totaled to get Davis, 4-point, and Gauss-Jacobi
estimates of I. “Composite” means that each subinterval was itself subdivided into
N parts, and the relevant rule applied to that part. For Gauss—Jacobi, an Nth order
rule was applied separately to each of the four subintervals.

Table I shows error data on the 3 rules for values of N varying by powers of 2 up
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TABLE I

Relative Effectiveness of Various Quadrature Rules for
a Difficult Singular Integral of
the Schwarz—Christoffel Type {see Section [V.B)

Davis rule 4-point rule Gauss—Jacobi
N Nodes  Eiror t Nodes Error t Nodes Error t
1 13 0016 0.001 4 0.18 0004
2 25 0.0043 0.001 8 0.030 (.004
4 49  83x1i0-* 0.002 16 0.0018 0.007
8 32 015 0.001 97 LIx10~* C.003 2 283x10°3 0.020
16 64  0.083 0.002 193 LLix10~° G.005 64 1.7x108 0.062
32 128 0.042 0.004 385 88x1077 0.011 138 23x 107 0204
64 256 G021 0.008 769  63x10°¢ 0.021

128 512 00099 0015 1537  42x10°° 0.041
156 1624 00047  0.030 3073 28x10°1 (082
1024 409  0.0010 0.118

to 1024. For each ruie and various N, Table I shows the total number of nodes at
which evaluations of f{x) are made, the relative error, and the computing time in
seconds {for a Cray 1).

The Davis rule is the simplest to program, but is significantly less effective than
the other two. It would have looked relatively better if positive values, rather than
—0.9 had been chosen for the singularity exponents.

The Gauss-Jacobi quadrature is more effective than the 4-point rule in terms of
the number of functional evaluations needed for a given accuracy level, by a factar
of the order of 6 to 12, but less effective in terms of computer time required for a
given accuracy level by a factor of the order of 3 or 4 for a range of cases. But note
that the quoted Gauss—Jacobi computer time includes the cost of computing the
nodes and weights; in an iterative calculation with many integrations, but few
recalculations of nodes and weights, the comparative Gauss—Jacobi times could ke
significantly improved. Then again, the modified 4-point rule, and the other listed
modified Newton—Cotes rules, are almost as routine to program as the Davis rule.

We do nort conclude that any one of the rules examined is always the besi: sach
has its advantages depending on the specific problem.

We do expect that the rules developed in this paper can find wide application as
efficient, easily programmed, singular quadrature rules for a variety of probiems.
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